リーマン問題入門 by 竹野, 茂治
12007 04 06
(2007 08 17 )
1 3
2 4
2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3 14
3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.5 . . . . . . . . . . . . . . . . . . 23
3.6 . . . . . . . . . . . . . . . . 31
23.7 . . . . . . . . . . . . . . . 35
3.8 . . . . . . . . . . . . 40
4 44
4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4 . . . . . . . . . . . . . . . . . . . . . 53
4.5 - . . . . . . . . . . . . . 58
4.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.8 . . . . . . . . . . . . . . . . . . . . . 69
4.9 . . . . . . . . . . . . . . . . . . 78
4.10 . . . . . . . . . . . . . . . . . 82
4.11 . . . . . . . . . . . . . . . 86
5 88
5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
5.3 . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.5 . . . . . . . . . . . . . . . . . . . . . 96
5.6 . . . . . . . . . . . . . . . . . . 104
5.7 . . . . . . . . . . . . . . . . . 105
1. 3
5.8 . . . . . . . . . . . . . . . . . . . . . . . 108
5.9 . . . . . . . . . . . . . . . 115
A 3.1 117
A.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
A.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
B 122
C 128
C.1 . . . . . . . . . . . . . . . . . . . . . . 128
C.2 . . . . . . . . . . . . . . . . . . . . . . . 131
C.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
























M1[a,b](t) = t a ≤ x ≤ b




ρ = ρ(t, x) q = q(t, x)









(2.1) (2.2) M¯1, N¯1
x x0 t t0 M¯
1, N¯1 M1, N1
M¯1(t, x) =
{
M1[x0,x](t) (x ≥ x0 ),
−M1[x,x0](t) (x < x0 ),
N¯1(t, x) =
{
N1[t0,t](x) (t ≥ t0 ),
−N1[t,t0](x) (t < t0 )
M1, N1 M¯1, N¯1
M1[a,b](t) = M¯
1(t, b)− M¯1(t, a), N 1[c,d](x) = N¯1(c, x)− N¯1(d, x)
M¯1, N¯1 (2.2)
ρ(t, x) = lim
∆x→+0






q(t, x) = lim
∆t→+0
























t x u(t, x) 2.2
u(t, x) t = s
x = ξ t = T x = X(T ; s, ξ)
X(s; s, ξ) = ξ t1 ≤ t2 ≤ t3
X(t3; t2, X(t2; t1, ξ)) = X(t3; t1, ξ) (2.4)
u(t, x)
u(t, x) = lim
∆t→+0










x = X(t; s, ξ) t (2.4)
∂
∂ t
X(t; s, ξ) = lim
∆t→+0




X(t+ ∆t; t, x)− x
∆t
= u(t, x) = u(t,X(t; s, ξ)) (2.5)
s T




c ≤ t ≤ d b = X(d; c, a) t = c x = a
t = d x = b x = a
N1[c,d](a) t = d x = a x = b
N1[c,d](a) = M
1
[a,b](d), b = X(d; c, a) (2.6)
2. 7
d t, a x (2.6) N¯1, M¯1

























(t,X(t; c, x)) +
∂ M¯1
∂ x




c→ t− 0 X(t; c, x) → X(t; t, x) = x
q(t, x) = ρ(t, x)u(t, x) (2.7)
2.4
a ≤ x ≤ b c ≤ t ≤ d
M1[a,b](d)−M 1[a,b](c)
x = a N1[c,d](a)
x = b N1[c,d](b)
M1[a,b](d)−M 1[a,b](c) = N 1[c,d](a)−N 1[c,d](b) (2.8)
M¯1, N¯1
M¯1(d, b)− M¯1(d, a)− M¯1(c, b) + M¯1(c, a)
= N¯1(d, a)− N¯1(c, a)− N¯1(d, b) + N¯1(c, b)
2. 8
a, b, c, d (a, b, c, d) = (x0, x, t0, t)
M¯1(t, x0) = N¯
1(t0, x) = 0
M¯1(t, x) + N¯1(t, x) = M¯1(t0, x) + N¯
1(t, x0) (2.9)
t x x t 0
(2.3), (2.7)




2.2 M1, N1, M¯1, N¯1
M2, N2, M¯2, N¯2
m(t, x), Q(t, x)



















M2[x,x+∆x](t) ≈M 1[x,x+∆x](t)u(t, x)
2. 9
∆x ∆x→ +0 0
m(t, x) = ρ(t, x)u(t, x) (2.13)
2.3 (2.6) N1, M1 N2, M2
(2.7)
Q(t, x) = m(t, x)u(t, x) = ρ(t, x)(u(t, x))2 (2.14)
a ≤ x ≤ b, c ≤ t ≤ d




P (t, x) t x










2.4 (a, b, c, d) = (x0, x, t0, t)






















P (t, a)u(t, a)dt−
∫ d
c
P (t, b)u(t, b)dt
Et + (Eu+ Pu)x = 0
E
























(γ − 1)ρ (2.17)
γ 1 < γ < 3
(2.10), (2.15), (2.16) 3 1
(ρ,m,E) (ρ, u, P )
2. 11
P ρ (P = P (ρ)
: P = Aργ, : P = Aρ )





X = X(t; t0, x) x




z = z(t, x) =


M1[X0,x](t) (x ≥ X0 ),
−M1[x,X0](t) (x < X0 )

















(X0 = X(t; t0, x0))
(t, x) (τ, z)
2. 12
f(t, x) f˜(τ, z) ( (t, x) (τ, z)
˜ )

























{−(ρu)x(t, y)}dy − ρ(t,X0)∂ X
∂ T
(t; t0, x0)





ft(t, x) = f˜τ + f˜z
∂ z
∂ t
= f˜τ − ρ˜u˜f˜z,




0 = ρt + (ρu)x
= ρ˜τ − ρ˜u˜ρ˜z + (ρ˜u˜)zρ˜ = ρ˜τ − ρ˜u˜ρ˜z + ρ˜zρ˜u˜+ ρ˜2u˜z
= ρ˜τ + ρ˜
2u˜z, (2.18)
0 = (ρu)t + (ρu
2 + P )x
= (ρ˜u˜)τ − ρ˜u˜(ρ˜u˜)z + (ρ˜u˜2 + P˜ )zρ˜ = ρ˜τ u˜+ ρ˜u˜τ + ρ˜2u˜u˜z + P˜zρ˜



























































































(2.18) v˜ = 1/ρ˜





v˜τ − u˜z = 0,

















P ρ P˜ v˜
















ut + f(u)x = 0 (t > 0, x ∈ R)





(u1)t + f1(u1, u2, . . . , uN )x = 0,
(u2)t + f2(u1, u2, . . . , uN )x = 0,
. . .
(uN)t + fN(u1, u2, . . . , uN )x = 0
(t > 0, x ∈ R) (3.1)














( T ) fj(u1, . . . , uN ) fj(U)










Ut + F (U)x = 0 (3.2)



































































































F (U)x = ∇UF (U)Ux
U (3.2) (3.2)
Ut + A(U)Ux = 0 (3.3)
(A(U) = ∇UF (U))
U ∈ Ω 1 (3.3) A(U)
(3.3) (hyperbolic)
λ1(U) < λ2(U) < · · · < λN(U)
λj(U) A(U) ( ) rj(U)
( ) lj(U) :






(3.3) (t, x) 7→ (λt, λx) (λ > 0: )
U(t, x) (3.3) U(λt, λx) (3.3)
U(t, x) = U(λt, λx)
λ > 0 λ = 1/t








V = V (ξ) ∈ RN 1 ξ













































A(V (ξ))V ′(ξ) = ξV ′(ξ) (3.4)
V ′ 6= 0 (3.4) ξ A(V ) V ′(ξ)
j d(ξ)
λj(V (ξ)) = ξ (3.5)
V ′(ξ) = d(ξ)rj(V (ξ)) (3.6)
3. 18
(3.5) 1 (3.6) n (n+ 1)
V (ξ) d(ξ) (n+ 1)
(n+ 1)
(3.6) V ′(ξ) rj(V (ξ)) rj(U)
U ∈ Ω (3.6) V (ξ)







U = V (ξ)
3.1: Ω rj(U) U = V (ξ)
rj(U) U = V (ξ) λj(U) (3.6)
d
dξ
λj(V (ξ)) = (∇Uλj)(V )dV
dξ
= d(ξ)(∇Uλj)(V )rj(V )
(∇Uλj)(V )rj(V ) ≡ 0 λj(V (ξ)) ξ
(3.5) ξ = x/t (t, x)
Ω ∇Uλj(U)rj(U) ≡ 0 j- (linearly degenerate)
Ω U ∇Uλj(U)rj(U) 6= 0 j-
(genuinely nonlinear)
rj(U) −rj(U) ∇Uλj(U)rj(U) > 0












(uj)t + λj(u1, . . . , uN)(uj)x = 0 (1 ≤ j ≤ N) (3.7)
rj(U) = ej (= j 1 0
)
∇Uλj(U)rj(U) = ∂ λj
∂ uj
≡ 0
λj uj (3.7) uj
λj(U) uj
j- j (3.5), (3.6)
V (x/t)
j- (j-rarefaction wave)
j- U = V (x/t) x/t(= ξ) = c ( ) V (c)
(3.5) c = ξ = λj(V (c)) x = λj(V (c))t
j- (3.3) U = U(t, x) (t, x)









U0 ∈ Ω U0 rj(U)
U0 λj(U) ( ) j- (j-
rarefaction wave curve) Rj(U0)











(λj(U0)t ≤ x ≤ λj(U1)t)
U1 (x > λj(U1)t)
(3.8)








x = λj(U0)t x = λj(U1)t















U0 (x < 0)
U1 (x > 0)
(3.9)
U0, U1 ∈ Ω (3.9) (3.2)
(Riemann problem) U1 ∈ R1(U0) U0, U1
(3.8) (C1)






U ′(s) = rj(U(s)),
U(0) = U0
(3.10)
s w(U) = w(U0) (N − 1)
Ω w(U)
∇Uw(U)rj(U) ≡ 0




w(V (ξ)) = (∇Uw)(V (ξ))V ′(ξ) = d(ξ)(∇Uw)(V (ξ))rj(V (ξ) = 0
j- j-
3.1 (N − 1)
3.1
r(U) Ω 0
1. ∇Uw1(U),. . . ,∇UwN−1(U)
∇Uwj(U)r(U) ≡ 0 (in Ω)
3. 22
Ω (N − 1) w1(U),. . . ,wN−1(U)
2. Ω w˜(U)
∇U w˜(U)r(U) ≡ 0 (in Ω)
w˜(U) 1. w1(U), . . .wN−1(U) :




(N − 1) j- w1(U), . . . , wN−1(U) ∇Uw1(U), . . . , ∇UwN−1(U)
{U ∈ Ω; w1(U) = w(U0), . . . , wN−1(U) = wN−1(U0)} (3.11)
1 (1 ) (
) U = U(s) (s )




wj(U(s)) = ∇Uwj(U(s))U ′(s)
U ′(s) ∈ 〈∇Uw1(U(s)), . . . ,∇UwN−1(U(s))〉⊥ = 〈rj(U(s))〉
U ′(s) rj(U(s)) U(s) rj(U)
3.1 1. ( A ) ∇UwN(U)rj(U) 6= 0
wN(U) ∇Uw1(U),. . . ,∇UwN(U)
3. 23
U (w1, . . . , wN) 1 1 (3.11) 1
j- Rj(U0) (3.10) λj(U)
d
ds
λj(U(s)) = ∇Uλj(U(s))U ′(s) = (∇Uλj · rj)(U(s)) > 0






ρt + (ρu)x = 0,
(ρu)t + (ρu
























(ρ,m,E) (ρ, u, P )
3.2
(3.3) U = G(W ) (|∇WG(W )| 6= 0)
Wt +B(W )Wx = 0 (3.13)
(3.13) µj(W ), αj(W ), βj(W ),
j- z(W ) :
µj(W ) = λj(G(W )),
αj(W ) = lj(G(W ))∇WG(W ), βj(W ) = (∇WG(W ))−1rj(G(W )),
z(w) = w(G(W )) (w(U) (3.3) j- )
3. 24
∇Wµj(W )βj(W ) = ∇Uλj(U)rj(U)
(3.3) U = G(W )
Ut = ∇WG(W )Wt, Ux = ∇WG(W )Wx
(3.13) B(W )
B(W ) = (∇WG(W ))−1A(G(W ))∇WG(W )
B(W ) µj = λj(G(W ))
µj(W )lj(G(W ))∇WG(W )− lj(G(W ))∇WG(W )B(W )
= {λj(G(W ))lj(G(W ))− lj(G(W ))A(G(W ))}∇WG(W ) = 0,
µj(W )(∇WG(W ))−1rj(G(W ))−B(W )(∇WG(W ))−1rj(G(W ))
= (∇WG(W ))−1 {λj(G(W ))rj(G(W ))− A(G(W ))lj(G(W ))} = 0
αj = lj∇WG, βj = (∇WG)−1rj
w(U) (3.3) j- z(W ) = w(G(W ))
∇W z(W )βj(W ) = ∇Uw(G(W ))∇WG(W )(∇WG(W ))−1rj(G(W ))
= ∇Uw(G(W ))rj(G(W )) = 0
z(W ) j-
∇Wµj · βj = ∇Uλj(G)∇WG(∇WG)−1rj(G) = ∇Uλj(G)rj(G)
(3.3) (3.13)
3. 25
3.2 (3.12) (ρ, u, P )
(3.12) 1 2
0 = ρtu+ ρut + (ρu)xu+ ρuux + Px = ρ(ut + uux) + Px
u






























{ρt + (ρu)x}+ ρu(ut + uux) + 1
γ − 1Pt +
γ
γ − 1(Pxu+ Pux)
= −uPx + 1
γ − 1Pt +
γ
γ − 1(Pxu+ Pux)
=
1
γ − 1Pt +
γ
γ − 1Pux +
1
γ − 1Pxu

























Ω = { T(ρ, u, P ); ρ > 0, P > 0}
∣∣∣∣∣∣∣∣∣
λ− u −ρ 0
0 λ− u −1
ρ

































( 3.2 βj )
























C > 0, ∇Uλ3 · r3 = γ + 1
2
C > 0 (3.15)
1- 3-
∇Uλ2 = (0, 1, 0) ∇Uλ2 · r2 ≡ 0 2-
2-
1-



































u = u0 − C0
θ
(eθs − 1) (3.19)


























w = u+C/θ 1- w = ρ





 r1 = 1
2 ρ (P/ργ , u+ C/θ, ρ)
Ω U = T(ρ, u, P ) 1 1
3- (3.17)




P/ργ u− C/θ 3-
∇Uρr3 = 1
(P/ργ , u− C/θ, ρ) U 1 1
2-
∇Uw · r2 = wρ = 0














λ1(U) = u− C (3.16)
d
ds
λ1 = ∇Uλ1(U(s))U ′(s) = −∇Uλ1(U(s))r1(U(s)) < 0
3. 29
s R1(U0) s ≤ 0
ρ = ρ0e
s ≤ ρ0, P = P0eγs ≤ P0, u = u0 − C0
θ































(s ≤ 0) (3.20)

























1- U = U(t, x) (3.8) λ1(U) = x/t δ











e−θδ − Ce0−θδ = u0 +
C0
θ


































(3.20) (s = −δ) 1- (t, x)
u x/t


























































= u0 − C0
θ












(s ≥ 0) (3.22)
s = δ (δ ≥ 0) dU/dδ = r2(U)













































(2.19) (τ, z) (t, x)
(2.19) U = T(v, u, P ) e = Pv/(γ− 1)
0 = uut +
1
γ − 1Ptv +
1
γ − 1Pvt + Pxu+ Pux
3. 32
= u(ut + Px) +
1
γ − 1Ptv +
1
γ − 1Pux + Pux
=
1

























































































C > 0, ∇Uλ3 · r3 = γ + 1
2v




∇Uw · r2 = wv = 0
u, P 2- 1-

















(v(0), u(0), P (0)) = (v0, u0, P0)
v = v0e
























Pvγ, u+C/θ 1- 3- Pvγ, u−C/θ





 rj 6= 0 (±v 1)
3. 34




λ1(U) = ∇Uλ1(U)U ′(s) = ∇Uλ1(U)r1(U(s)) > 0, d
ds
λ3(U) < 0































= u0 − C0
θ











(s ≤ 0) (3.25)
























(3.24) (s = δ) 1- (t, x)
u x/t





















(3.25) (s = −δ) 3- (t, x)
3.7
2.5 ρ
P = P (ρ) (2.10) (2.15)
:
P = Aργ (1 < γ < 3) : P = Aρ
P ′(ρ) > 0, P ′′(ρ) ≥ 0
3. 36
U = T(ρ, u) 3.5 u
ut + uux +
Px
ρ





























∣∣∣∣∣∣∣ = (λ− u)− P
′(ρ)
P ′(ρ) > 0
λ1 = u−
√






































P ′ = −ρP




, ∇Uλ2 · r2 = ρP





ρP ′′ + 2P ′ > 0 1- 2-
P = Aργ (γ ≥ 1)
ρP ′′ + 2P ′ = Aγ(γ + 1)ργ−1
∇w · r1 = −ρwρ +
√

















= −1, (ρ(0), u(0)) = (ρ0, u0)





























′ < 0 s < 0 1- R1(U0)






dξ (ρ ≤ ρ0, u ≥ u0) (3.26)
3. 38
2- R2(U0) (λ2(U(s)))
′ > 0 s > 0














3.5: (ρ, u) R1(U0), R2(U0)










ρθ (γ > 1 )
√
A log ρ (γ = 1 )







ρθ0 (γ > 1 )
+∞ (γ = 1 )
γ > 1 R1(U0) ρ→ +0 u u


































































λ1(U) = x/t (3.26)
λ1(U) = u−
√












ρ (3.26) U (t, x)














































































A log ρ = u0 +
√




u = u0 +
√
A log ρ0 −
√

















































A log ρ = −u0 +
√











3.7 (2.19) P = P (v)
2 ( P -system) P = Av−γ
(1 ≤ γ < 3)
P ′(v) < 0, P ′′(v) > 0
3. 41
















P ′ < 0
λ1 = −
√















P ′′ > 0 1- 2-

































v−θ (γ > 1 )













−P ′(ξ)dξ (v ≥ v0, u ≥ u0) (3.29)
2- R2(U0)




−P ′(ξ)dξ (v ≤ v0, u ≥ u0) (3.30)
P = Av−γ (γ ≥ 1) v → +0 R2(U0) γ = 1 γ > 1







v−θ0 (γ > 1 )
















































−P ′(v) = x
t




−P ′(v) = x
t
4. 44
v (3.30) v, u (t, x)

















(v−θ − v−θ0 )
4
4.1


















(C1) x = d(t) (x
) U = U(t, x) (C1)
(4.1)
U x < d(t)








(t0, x0) = (t0, d(t0)) x = d(t)
x = x0 + s0(t− t0) (s0 = d′(t0)) U(t, x) x = d(t)
Ul (= U(t0, d(t0)− 0)), Ur (= U(t0, d(t0) + 0)) ∆t > 0
t0 ≤ t ≤ t0 + ∆t





0 = d(t0 + ∆t)


x′0 = x0 + s0∆t,
x′1 = X(t0 + ∆t; t0, x1) = x1 + ul∆t,



















4.2: xj, Ul, Ur
t = t0 x1 ≤ x ≤ x2 M t = t0 + ∆t
x′1 ≤ x ≤ x′2 M ′ x1 x′1 x = x1+ul(t−t0)
x2 x
′
2 x = x2 + ur(t− t0)
(uU)
(G(U))
M ′ = M + ∆tG(Ul)−∆tG(Ur) (4.3)
M , M ′
M = (x2 − x0)Ur + (x0 − x1)Ul, M ′ = (x′2 − x′0)Ur + (x′0 − x′1)Ul
4. 47
(4.3)
(x′2 − x′0)Ur + (x′0 − x′1)Ul = (x2 − x0)Ur + (x0 − x1)Ul + ∆tG(Ul)−∆tG(Ur)
(4.2)
(ur∆t− s0∆t)Ur + (s0∆t− ul∆t)Ul = ∆t(G(Ul)−G(Ur))
∆t
s0(Ur − Ul) = urUr +G(Ur)− {ulUl +G(Ul)}









- (Rankine-Hugoniot relation) -
(t0, x0)
t0 ≤ t ≤ t1 x = d(t) x = X(t; t0, a)
x = a x = X(t; t0, b) x = b
D1 D2 :
D1 = {(t, x); X(t; t0, a) < x < d(t), t0 < t < t1},











4.3: Xj, D1, D2



















(X1 = X(t1; t0, a), X2 = X(t1; t0, b))
(4.5)
D1 Ut + F (U)x = 0 U x = d(t)
U(t, d(t)− 0) Green :
∫∫
D





























































































































t0, t1 x = d(t)




[7] 5 §1.3 .
(4.1) U(t, x) (t, x)
(C1) x = x(t) (C1) x = x(t) Ut, Ux
x = x(t) ( )
U(t, x(t) + 0)− U(t, x(t)− 0) = 0 (4.10)
Ux(t, x(t) + 0)− Ux(t, x(t)− 0) = H(t) (4.11)
(4.10) t
Ut(t, x(t) + 0) + x






= −x′(t)[Ux] = −x′(t)H(t)
(4.1)
[Ut] = [−F (U)x] = −[∇UF (U)Ux]
= −∇UF (U(t, x(t))){Ux(t, x(t) + 0)− Ux(t, x(t)− 0)}
= −∇UF (U)H(t)
4. 51
∇UF (U)H(t) = x′(t)H(t) H(t) 6= 0
j
{
x′(t) = λj(U(t, x(t))),
H(t) = c(t)rj(U(t, x(t)))
(4.12)
(4.12) 1 x = x(t) j-
(3.8) x = λj(U0)t, x = λj(U1)t
[7]
{
η = x− x(t),
ξ = t
(η, ξ)






(t, x) (η, ξ) x = x(t) [Uξ] = 0,
[Uη] = H
{










U(t, x(t) + 0)− d
dt
U(t, x(t)− 0) = 0,
[Uη] = [Ux] = H(t)
4. 52
(4.1) (η, ξ)
0 = Ut + Fx = −x′(t)Uη + Uξ + Fη = −x′(t)Uη + Uξ +∇UF (U)Uη
x = x(t)
















U¯(t, x) + F¯ (t, x) = U¯(t0, x) + F¯ (t, x0) (4.13)
(C1) x = d(t) U x = x0
x = d(t) U¯ , F¯ (4.13) x = d(t) U¯ ,
( ) :
U¯(t, d(t) + 0) = U¯(t, d(t)− 0) (4.14)
4. 53
(4.14) (4.13)





x = d(t) U¯x = U
[U¯t] = −d′(t)[U ]
(4.13)
[U¯t] = [−F¯t(t, x) + F¯t(t, x0)] = −[F¯t(t, x)] = −[F ]
-

















 , F (U) =
















x = x0 x = d(t) x = x0





ρ(t, y)dy, X0 = X(t; t0, x0) (4.17)
t ρ y < d(t)
(4.15) (4.17) t






= ρ(t, d(t)− 0)d′(t)− ρ(t,X0)u(t,X0)−
∫ d(t)
X0
(ρu)x(t, y)dy ((2.5) )







+ ul = v˜ld˜
′ + u˜l (4.18)






d′[ρu] = [ρu2 + P ]
d′[ρB] = [ρuB + Pu]
(4.19)
frgr − flgl = (fr − fl)gr + fl(gr − gl) = fr(gr − gl) + (fr − fl)gl
[fg] = [f ]gr + fl[g] = [f ]gl + fr[g] (4.20)
(4.19) 1 (4.18)



















0 = ρ˜r([u˜] + d˜
′[v˜])
[u˜] = −d˜′[v˜] (4.21)
(4.19) 2 (4.18)
0 = [ρu2 + P ]− d′[ρu] = [ρ˜u˜2] + [P˜ ]− (v˜ld˜′ + u˜l)[ρ˜u˜]
= [P˜ ] + ρ˜ru˜r[u˜]− d˜′v˜l[ρ˜u˜]
(4.21)
ρ˜ru˜r[u˜]− d˜′v˜l[ρ˜u˜] = −ρ˜ru˜rd˜′[v˜]− d˜′v˜l[ρ˜u˜] = −d˜′[ρ˜u˜v˜] = −d˜[u˜]
[P˜ ] = d˜′[u˜] (4.22)
(4.19) 3 (4.21)
0 = [ρuB + Pu]− d′[ρB] = [ρ˜u˜B˜] + [P˜ u˜]− (v˜ld˜′ + u˜l)[ρ˜B˜]
= [P˜ u˜] + [u˜]ρ˜rB˜r − d˜′v˜l[ρ˜B˜] = [P˜ u˜]− d˜′([v˜]ρ˜rB˜r + v˜l[ρ˜B˜])
= [P˜ u˜]− d˜′[v˜ρ˜B˜] = [P˜ u˜]− d˜′[B˜]




[G˜(V˜ )] = d˜′[V˜ ]
(4.1)
Wt +H(W )x = 0









































































Ul (x < st ),
Ur (x > st )
U0 = Ul, U1 = Ur (3.9)
4. 59
(4.25) N Ul Ω
(4.25) (N + 1) Ur, s
Ur Ω ( )
F Ul
Ur U (4.25)
F (U)− F (Ul) =
[






∇UF (Ul + τ(U − Ul))dτ(U − Ul)
G(U) = G(U ;Ul) =
∫ 1
0
∇UF (Ul + τ(U − Ul))dτ
(4.25)
G(U)[U ] = s[U ] (4.26)
[U ] 6= 0
s G(U) [U ]
lim
U→Ul
G(U) = ∇UF (Ul)
U Ul G(U) ∇UF (Ul)
(
) U Ul G(U)
µj(U),
Rj(U)
µ1(U) < · · · < µN(U), lim
U→Ul
µj(U) = µ(Ul) = λj(Ul),
lim
U→Ul
Rj(U) = Rj(Ul) = rj(Ul)
4. 60
( ) (4.26) k
s = µk(U), [U ] // Rk(U) (4.27)
U − Ul = δRk(U) (4.28)
U = U(δ) = Uk(δ) s s = µk(U(δ))




|δ| U = U(δ)
(4.28) δ = 0 1 U = Uk(δ) (4.26)
Ul N U = U1(δ),. . .UN(δ)
U = Uk(δ) s = sk(δ) = µk(Uk(δ))
(4.28) δ = 0
Uk(0) = Ul, sk(0) = µk(Ul) = λk(Ul) (4.29)
(4.28) δ
U ′k(δ) = Rk(Uk(δ)) + δ∇URk(Uk(δ))U ′k(δ)
δ = 0
U ′k(0) = Rk(Uk(0)) = Rk(Ul) = rk(Ul) (4.30)
4. 61
U ′′k (0) s
′
k(0) (4.25) Ur = Uk(δ), s = sk(δ)
δ 2
sk(δ)(Uk(δ)− Ul) = F (Uk(δ))− F (Ul)
s′k[Uk] + skU
′







k = {∇UF (Uk)}′U ′k +∇UF (Uk)U ′′k
δ = 0 (4.29), (4.30)
2s′k(0)rk(Ul) + λk(Ul)U
′′
k (0) = {∇UF (Uk)}′(0)rk(Ul) +∇UF (Ul)U ′′k (0) (4.31)
∇UF (U)rk(U) = λk(U)rk(U)
U = Uk(δ) δ
{∇UF (Uk)}′rk(Uk) +∇UF (Uk)rk(Uk)′ = λk(Uk)′rk(Uk) + λk(Uk)rk(Uk)′
{∇UF (Uk)}′rk(Uk) +∇UF (Uk)∇Urk(Uk)U ′k
= {∇Uλk(Uk)U ′k}rk(Uk) + λk(Uk)∇Urk(Uk)U ′k
δ = 0
{∇UF (Uk)}′(0)rk(Ul) +∇UF (Ul)∇Urk(Ul)rk(Ul)
= {∇Uλk(Ul)rk(Ul)}rk(Ul) + λk(Ul)∇Urk(Ul)rk(Ul) (4.32)
(4.31) (4.32)








6= 0 (j = k ),
≡ 0 (j 6= k )
lj(U)∇UF (U)rk(U) = lj(U)(λk(U)rk(U)) = (λj(U)lj(U))rk(U)
j 6= k λj 6= λk ljrk = 0 U = U0
lk(U0)rk(U0) = 0 lk(U0) r1(U0), . . . rN(U0)








(∇UF − λk){U ′′k (0)−∇Urk · rk} = 0
U ′′k (0) = ∇Urk(Ul)rk(Ul) + σkrk(Ul)




U ′k(0) = rk(Ul),












δ (4.34) σk 0
η′(0) 6= 0 η δ = η(τ) |δ| δ τ
1 1 δ τ
U¯k, s¯k :
U¯k(τ) = Uk(η(τ)), s¯k(τ) = sk(η(τ))
η(0) = 0
U¯k(0) = Uk(0), s¯k(0) = sk(0)
U¯ ′k(τ) = U
′
k(η(τ))η




η′(0) = 1 1 τ = 0
U¯ ′′k (τ) = {U ′k(η(τ))η′(τ)}′
= U ′′k (η(τ))(η
′(τ))2 + U ′k(η(τ))η
′′(τ)
U¯ ′′k (0) = U
′′
k (0)(η
′(0))2 + U ′k(0)η
′′(0)
= (∇Urk · rk)(Ul) + σkrk(Ul) + rk(Ul)η′′(0)
4. 64
η′′(0) = −σk
η(0) = 0, η′(0) = 1, η′′(0) = −σk
U¯k(0) = Ul,
U¯ ′k(0) = rk(Ul),







η(τ) = η(0) + η′(0)τ +
η′′(0)
2





4.5 (4.35) k- s′k(0) > 0
δ 0 U = Uk(δ) s
k- s′k(0) = 0
U = Ul rk(U) Ω U = V (ξ) :
V ′(ξ) = rk(V (ξ)), V
′(0) = Ul
k- U = Uk(δ)
d
dξ
λk(V (ξ)) = ∇Uλk(V (ξ))V ′(ξ) = ∇Uλk(V (ξ))rk(ξ) = 0
4. 65
λk




{F (V (ξ))− λk(Ul)V (ξ)}
= ∇UF (V )V ′ − λ(Ul)V ′ = ∇UF (V )rk(V )− λ(Ul)rk(V )
= {λk(V )− λk(Ul)}rk(V ) = 0
F (V (ξ)− λk(Ul)V (ξ)
F (V (ξ))− λk(Ul)V (ξ) = F (Ul)− λk(Ul)Ul (4.37)
Ur = V (ξ), s = λk(Ul) -
(4.37) (4.27), (4.28) (4.37)
F (V (ξ))− F (Ul) = G(V (ξ))(V (ξ)− Ul)
G(V (ξ))(V (ξ)− Ul) = λk(Ul)(V (ξ)− Ul)
j
λk(Ul) = µj(V (ξ)), V (ξ)− Ul // Rj(V (ξ))
µj(V (ξ)) λk(Ul) ξ j
ξ = 0 µj(V (ξ)) = µj(Ul) = λj(Ul) j = k
c(ξ)
V (ξ)− Ul = c(ξ)Rk(V (ξ)) (4.38)
4. 66
V (0) = Ul c(0) = 0 (4.38) ξ ξ = 0
V ′(ξ) = c′(ξ)Rk(V (ξ)) + c(ξ)Rk(V (ξ))
′




c′(0) = 1 δ = c(ξ) ξ = 0 ξ = c−1(δ)
(4.38) (4.28)
V (ξ) = U(c(ξ)), U(δ) = V (c−1(δ))
k- U = Uk(δ), s = sk(δ)
{
U ′k(δ) // rk(U(δ))
sk(δ) = λk(U(δ)) ≡ λk(Ul)
(4.39)
sk δ U = Uk(δ) rk(U)
k- (k-contact discontinuity)












(4.35) s′k(0) > 0 sk(δ) λk
4.3
|δ| sk = sk(δ) (Ur = Uk(δ) ):
δ > 0
{
λk(Ul) < sk < λk(Ur),




λk(Ur) < sk < λk(Ul),
λk−1(Ul) < sk < λk+1(Ur)
(4.41)
sk(0) = λk(Ul) = λk(Uk(0))
λk−1(Uk(0)) < sk(0) < λk+1(Uk(0))
|δ|
λk−1(Uk(δ)) < sk(δ) < λk+1(Uk(δ)), λk−1(Uk(δ)) < sk(δ) < λk+1(Uk(δ))
(4.40), (4.41) 2 O.K.
s′k(0) > 0 |δ| δ > 0
sk(δ) > sk(0) = λk(Ul) > sk(−δ)
4. 68
{
δ > 0 λk(Uk(δ)) > sk(δ),














∇Uλk(Ul)rk(Ul) > 0 ( )








δ > 0 δ < 0






U = Uk(δ) (δ ≤ 0) k- (k-shock curve, k-shock wave curve)
4. 69
δ > 0

















ρu3 + ρeu+ Pu
] (4.42)
[U ] = U − U0 (Ur = U , Ul = U0)
2- U r2(U) =
T(1, 0, 0)
U = U0 +
T(ξ, 0, 0)
P = P0, u = u0 s = s2
s = λ2(U) = u = u0
[u] = [P ] = 0, s = u0 (4.42)
[ρu] = u0[ρ] = s[ρ], ρe =
1
γ − 1P, ρeu+ Pu =
γ
γ − 1Pu
2- {u, P} 2-
C2(U0)
ρ = ρ0 + δ, u = u0, P = P0 (δ > −ρ0)
4. 70
(4.42) 1 2 s
[ρ][ρu2 + P ] = [ρu]2
(4.20)
[ρf ][ρg]− [ρ][ρfg]
= [ρf ]([ρ]gr + ρl[g])− [ρ]([ρf ]gr + ρlfl[g]) = ρl[g]([ρf ]− [ρ]fl)
= ρlρr[f ][g] (4.43)
[ρu]2 − [ρ][ρu2] = ρ0ρ[u]2
ρ0ρ[u]
2 = [ρ][P ] (4.44)
(4.42) 1 3 s














































































[u] 6= 0 [u] = 0 (4.42)
(s− u0)[ρ] = 0
s 6= λ2(Ul) = u0 [ρ] = 0
[ρu2 + P ]− s[ρu] = u20[ρ] + [P ]− su0[ρ] = [P ] = 0
















ρ0 − θ[ρ] = P0
(1 + θ)ρ− θρ0
(1 + θ)ρ0 − θρ




(1 + θ)ξ − θ























(1 + θ)ξ − θ




ξ(1 + θ − θξ)
γP0
ρ0









ξ(1 + θ − θξ)
)
U ξ
ρ = ρ0ξ, u = u0 ± C0f0(ξ), P = P0 (1 + θ)ξ − θ
1 + θ − θξ (4.46)
(ρ, u, P ) U 3.2 W
3.2 (4.39) W
U ′k(δ) = ∇WG(Wk(δ))W ′k(δ) (Uk(δ) = G(Wk(δ)) )
4. 73
{
W ′k(δ) // βk(U(δ))




U = Uk(δ), s = sk(δ) (4.34), (4.35) Uk(δ) = G(Wk(δ))




W ′k(0) = βk(Wl),











3.2 (4.49) (4.48) 2 3.2
(4.47) (4.48) Uk(δ) = G(Wk(δ))
δ 2
U ′′k (δ) = {∇WG(Wk(δ))}′W ′k(δ) +∇WG(Wk(δ))W ′′k (δ)
δ = 0
U ′′k (0) = {∇WG(Wk(δ))}′(0)βk(Wl) +∇WG(Wl)W ′′k (0) (4.50)
4. 74
3.2




= {∇WG(Wk(δ))}′βk(Wk(δ)) +∇WG(Wk(δ))∇Wβk(Wk(δ))W ′k(δ)
δ = 0
∇Urk(Ul)rk(Ul)
= {∇WG(Wk(δ))}′(0)βk(Wl) +∇WG(Wl)(∇Wβk · βk)(Wl) (4.51)
(4.50) (4.51)




(4.34), (4.35) (ρ,m,E) (ρ, u, P )
(4.46)
ξ = 1 + τ f0(ξ) τ
f0(ξ) =
τ√



















= τ − 1− θ
2
τ 2 +O(τ 3)
(O(τn) n )
4. 75
f0(1) = 0, f
′
0(1) = 1, f
′′
0 (1) = −(1− θ)
(1 + θ)ξ − θ
1 + θ − θξ =
1 + (1 + θ)τ
1− θτ = {1 + θτ + θ
2τ 2 +O(τ 3)}{1 + (1 + θ)τ}
= 1 + γτ + θγτ 2 +O(τ 3) (γ = 2θ + 1)






















U3(δ) = V+(ξ3(δ)), ξ3(0) = 1, ξ
′
3(0) = 1 > 0
U1(δ) = V−(ξ1(δ)), ξ1(0) = 1, ξ
′
1(0) = −1 < 0
(4.52)
U = V+(ξ) (ξ ≤ 0) 3- U = V−(ξ)










ρ− ρ0 [u] = u0 +
ξ
ξ − 1(±C0f0(ξ))
= u0 ± C0
√
ξ
1 + θ − θξ
4. 76
( + s3, − s1)
√
ξ
1 + θ − θξ = {1 + (ξ − 1)}
















(ξ − 1) +O((ξ − 1)2) = 1 + γ + 1
4






























































































(∇Ur1 · r1)(U0) + r1(U0) =

 0−(θ − 1)C0
2θγP0

 = V ′′−(1) (γ − 1 = 2θ)
(∇Ur3 · r3)(U0)− r3(U0) =

 0(θ − 1)C0
2θγP0

 = V ′′+(1) (γ − 1 = 2θ)
(4.52)
ξ′′1 (0) = ξ
′′
3 (0) = 1 (4.54)




2 + V ′
−
(1)ξ′′1 (0) = (∇Ur1 · r1)(U0) + r1(U0)− r1(U0)
= (∇Ur1 · r1)(U0),





2 + V ′+(1)ξ
′′
3 (0) = (∇Ur3 · r3)(U0)− r3(U0) + r3(U0)
= (∇Ur3 · r3)(U0)
ξj(δ) 4.2 Uj(δ)
(4.52), (4.54) ξ1, ξ3
ξ1(δ) = e
−δ, ξ3(δ) = e
δ
(4.46) − (V−(ξ)) ξ = e−δ (δ ≤ 0) 1-
+ (V+(ξ)) ξ = e
δ (δ ≤ 0) 3- (δ ≤ 0
4. 78
4.3 ) 0 < P <∞ 1-












s˜[u˜] = [P˜ ],













2- s˜ = λ2 = 0 (4.55)
[u˜] = [P˜ ] = 0
4.8
(4.55) s˜
−[u˜]2 = [P˜ ][v˜] (4.56)


























[u˜][v˜] = − 1
γ − 1[u˜][P˜ v˜]
[u˜] = 0 1,3- s˜ 6= λ2 = 0 (4.55)
[v˜] = [P˜ ] = 0 [U˜ ] = 0 [u˜] 6= 0
P˜0 + P˜
2
[v˜] = − 1







(1 + θ)v˜0 − θv˜












(1 + θ)ξ − θ
















(1 + θ)ξ − θ






1 + θ − θξ
= C˜20
(ξ − 1)2












, u˜ = u˜0 ± C˜0f0(ξ), P˜ = P˜0 (1 + θ)ξ − θ













U˜3(δ) = V˜+(ξ3(δ)), ξ3(0) = 1, ξ
′
3(0) = 1 > 0
U˜1(δ) = V˜−(ξ1(δ)), ξ1(0) = 1, ξ
′
1(0) = −1 < 0
(4.58)
U˜ = V˜−(ξ) (ξ ≥ 0) 1- U˜ = V˜+(ξ) (ξ ≤ 0) 3-
s˜













































































 = V˜ ′′−(1),
(∇U˜r3 · r3)(U˜0)− r3(U˜0) =

 2v˜0(θ − 1)C˜0
2θγP˜0

 = V˜ ′′+(1)
(4.58)
ξ′′1 (0) = ξ
′′
3 (0) = 1 (4.59)




−δ, ξ3(δ) = e
δ
(δ ≤ 0) 0 < P˜ <∞ ξ1










(2.10), (2.15) (P = P (ρ), P ′ > 0)
-
s[ρ] = [ρu],
s[ρu] = [ρu2 + P (ρ)]
s
[ρu]2 = [ρ][ρu2 + P ]








(ρ− ρ0)(P (ρ)− P (ρ0))
ρ0ρ
































































(ρ− ρ0) +O((ρ− ρ0)2)
}
























P = Aργ, 1 < γ < 3
ρ0P
′′

















































































U2(δ) = V+(ρ2(δ)), ρ2(0) = ρ0, ρ
′
2(0) = ρ0
U1(δ) = V−(ρ1(δ)), ρ1(0) = ρ0, ρ
′
1(0) = −ρ0
























































(∇Ur1 · r1 + r1)(U0) =
[
0√




















































= (∇Ur1 · r1 + r1)(U0)− 1
ρ0
r1(U0)ρ0 = (∇Ur1 · r1)(U0),
U ′′2 (0) = (∇Ur2 · r2 − r2)(U0) +
1
ρ0








= u0 + ρ
[u]
[ρ]
= u0 ± ρf1(ρ; ρ0)
4. 86
s(ρ0) = u0 ± ρ0f1(ρ0; ρ0) = u0 ±
√





















































s˜[u˜] = [P˜ (v˜)]
s˜
−[u˜]2 = [v˜][P˜ ]
u˜ = u˜0 ±
√
−[v˜][P˜ ] = u˜0 ±
√
−(v˜ − v˜0)(P˜ (v˜0)− P˜ (v˜))
= u˜0 ± (v˜0 − v˜)
√
− P˜ (v˜)− P˜ (v˜0)


































































































U˜j(δ) = V˜±(v˜j(δ)), v˜j(0) = v˜0, v˜
′
j(0) = ∓1, v˜′′j (0) = 0
5. 88
U˜j(0) = U˜0, U˜
′
j(0) = rj(U˜0), U˜
′′
j (0) = (∇U˜rj · rj)(U˜0)
s˜





























Ul (x < 0)












) (t, x) = (0, 0)
Vl, Vr
• k- :




k- : ( )
k- , k- :
• :
k- : λk(Vl) ≤ x/t ≤ λk(Vr)
k- , k- : x = skt ( )
• :
k- : k-
k- : λk(Vl) > sk > λk(Vr)
k- : λk(Vl) = sk = λk(Vr)
• Vl Vr :
k- : Vr Vl rk(U) ( ) Rk(Vl)
k- : Vr Vl Sk(Vl)
k- : Vr Vl rk(U) Ck(Vl) (Vl )
5.2



















1,2,. . . ,N
j- k-


























j < k j k
k- k-
λk(Um) = sk
λj(Um) < λk(Um) j < k
5. 92
j- k- ( 5.3) sj < λk(Um)
sj > λj(Um) λj(Um) < λk(Um) j < k
j- j- sj = λj(Um)
















λj(Um) = x/t λk(Um) = x/t
5.5: j- k-
Um j- ( ) k-
( 5.4) sj < sk
sj ≥ λj(Um), sk ≤ λk(Um)
λj(Um) < λk(Um) j < k
Um j- k- ( 5.5) Um
λj(Um) < λk(Um)
j < k
2 j < k
1,2,. . . ,N
5.3
5.1 k- k-












U = Uˆk(δ) (δ ≤ 0),
Uˆk(0) = Ul, Uˆ
′
k(0) = rk(Ul), Uˆ
′′
k (0) = (∇Urk · rk)(Ul)
Rk(Ul) rk(U) U = Uˇk(δ)




λk(Uˇk(δ)) = ∇Uλk(Uˇk(δ))Uˇ ′k(δ) = ∇Uλk(Uˇk(δ))rk(Uˇk(δ)) > 0
δ > 0
Uˇ ′k(0) = rk(Ul),




U = Uk(δ) =
{
Uˆk(δ) (δ < 0)












Ω U¯ U¯ Q (⊂ Ω)
Q Ul, Ur (5.2)
N ( )





k- 5.1 Uk(δ) Uk(δ;Ul)
(δ > 0 δ < 0
) k- Uk(δ;Ul)
U ′(δ) = rk(U(δ)), U(0) = Ul
( ) Uk(δ;U0) U0
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:
U ′k(0;U0) = rk(U0)
V1 = U1(δ1;U0), V2 = U2(δ2;V1), . . . , VN = UN(δN ;VN )
VN δ1, δ2, . . . , δN , U0 T (δ1, . . . , δN ;U0)
:
VN = T (δ1, . . . , δN ;U0) = UN(δN ;UN−1(δN−1; . . . U1(δ1;U0) . . .))
Ur = T (δ1, . . . , δN ;Ul)
δ1,. . . ,δN
Uk(0;Vk−1) = Vk−1
T (δ1, . . . , δj, 0, . . . , 0;U0) = Vj = Uj(δj;Vj−1), T (0, . . . , 0;U0) = U0
T (0, . . . , 0, δj, 0, . . . , 0;U0) = Uj(δj;U0)
∂ T
∂ δj
(0, . . . , 0;U0) = lim
δj→0






= U ′j(0;U0) = rj(U0)
∣∣∣∣ ∂ T∂ δ1 . . .
∂ T
∂ δN
∣∣∣∣ (0, . . . , 0;U0) = |r1(U0) . . . rN(U0)| 6= 0
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U¯ ∈ Ω
T (0, . . . , 0; U¯)− U¯ = 0
T (δ1, . . . , δN ;Ul)− Ur = 0
U¯ Q Q×Q RN
δˆ(Ul, Ur) = (δˆ1(Ul, Ur), . . . , δˆN(Ul, Ur))
δˆ(Ul, Ul) = (0, . . . , 0)
(δ1, . . . , δN) = δˆ(Ul, Ur) ⇔ T (δ1, . . . , δN ;Ul)− Ur = 0
( )





































u = u0 − C0f0(e−δ),
P = P0
(1 + θ)e−δ − θ
1 + θ − θe−δ
(









u = u0 + C0f0(e
δ),
P = P0
(1 + θ)eδ − θ
1 + θ − θeδ
(
δ ≤ 0, eδ > θ
1 + θ
)
R1(U0) S1(U0) ( U1(δ) δ ≤ 0 δ ≥ 0), R3(U0)















(0 < ξ ≤ 1)
f0(ξ)
(
1 ≤ ξ < 1 + θ
θ
) (f0(ξ) = ξ − 1√






ξγ (0 < ξ ≤ 1)
(1 + θ)ξ − θ
1 + θ − θξ
(
1 ≤ ξ < 1 + θ
θ
)
U1(δ) δ ≥ 0, δ ≤ 0




u = u0 − C0f3(ξ),
P = P0f4(ξ)
(
















ξγ (ξ ≥ 1)
(1 + θ)ξ − θ




< ξ ≤ 1
)
R3(U0) S3(U) T3(U0)




u = u0 + C0fˆ3(ξ),
P = P0fˆ4(ξ)
(









m), Ur = U3(δ3;U
2
m) (5.4)





δ1 > 0 Ul U
1
m 1-









(λ1(Ul)t ≤ x ≤ λ1(U 1m)t)
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V (x/t) (5.3) ξ = e−δ (0 ≤ δ ≤ δ1) 3.5 (3.21)
δ1 < 0 Ul U
1
m 1- U = U(t, x)
U(t, x) =
{
Ul (x < s1t)
U1m (x > s1t)
s1
s1 = u0 −
√
ξ
1 + θ − θξ






2- ( ) 3- ( )






−δ1 , ρ2m = ρ
1






m δ1, δ2, δ3


























V = U3(δ;W ) W


















 = Uˆ3(δ3;Ur) (Tˆ3(Ur))
• T1(Ul) Tˆ3(Ur) (u, P ) pT1(Ul) pTˆ3(Ur)
• (u, P ) (um, Pm)





δ ≥ 0 Ur = U3(δ;Ul)
ρr = ρlξ, ur = ul +
Cl
θ














ul = ur − Cl
θ
(ξθ − 1) = ur − Cr
θ





(ξˆ = e−δ ≤ 1)
δ < 0
ρr = ρlξ, ur = ul + Clf0(ξ) = ul + Cl
ξ − 1√
ξ(1 + θ − θξ) , Pr = Pl
(1 + θ)ξ − θ








(1 + θ)ξ − θ




(1 + θ)ξ − θ




1 + θ − θξ
(1 + θ)ξ − θ
ξ − 1√
ξ(1 + θ − θξ) = Cr
ξ − 1√
(1 + θ)ξ − θ
= Cr
1− ξˆ√
ξˆ(1 + θ − θξˆ)
= −Crf0(ξˆ),
(1 + θ)ξ − θ
1 + θ − θξ =
1 + θ − θξˆ
(1 + θ)ξˆ − θ
ρl = ρrξˆ, ul = ur + Crf0(ξˆ), Pl = Pr
(1 + θ)ξˆ − θ
1 + θ − θξˆ
(





ρl = ρrξ, ul = ur + Crf3(ξ), Pl = Prf4(ξ)
(




Ul = Uˆ3(δ;Ur) (Tˆ3(Ur)) Tˆ3(U0) T1(U0)
u = u0
(um, Pm) (u, P ) T1(Ul) Tˆ3(Ur)
{
pT1(Ul) : (u, P ) = (ul − Clf3(ξ), Plf4(ξ))
pTˆ3(Ur) : (u, P ) = (ur + Crf3(ξ), Prf4(ξ))
(




τ = f4(ξ) τ ξ 0 < ξ ≤ 1 0 < τ ≤ 1, 1 < ξ <
(1 + θ)/θ 1 < τ <∞ f3(ξ) τ
f3(ξ) = f¯3(τ) (0 < τ <∞)
pT1(Ul) : u = ul − Clf¯3(P/Pl), pTˆ3(Ur) : u = ur + Crf¯3(P/Pr)







(τ θ/γ − 1) < 0
y = f¯3(τ) (τ, y) = (0,−1/θ) y
(τ, y) = (1, 0)
τ ≥ 1 τ = f4(ξ) = {(1 + θ)ξ − θ}/(1 + θ − θξ)
ξ =
(1 + θ)τ + θ
1 + θ + θτ
5. 103





(1 + θ)τ + θ
f¯ ′3(τ) = f¯3(τ)
(1 + θ)τ + 3θ + 1
2(τ − 1){(1 + θ)τ + θ} > 0,
f¯ ′′3 (τ) = f¯3(τ)
−(1 + θ){(1 + θ)τ + 7θ + 3}
4(τ − 1){(1 + θ)τ + θ}2 < 0
lim
τ→∞
f¯3(τ) = ∞, lim
τ→∞
f¯ ′3(τ) = lim
τ→∞
f¯ ′′3 (τ) = 0






































> ur − Cr
θ
(5.5)
pT1(Ul) pTˆ3(Ur) P > 0 (um, Pm)
( 5.7)
(5.5) P > 0 2 pT1(Ul), pTˆ3(Ur)
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x = 0 Ul, Ur
P = 0, ρ = 0
5.6
3.6 4.9 Rj(U˜0), Sj(U˜0)





























u˜ = u˜0 − C˜0f0(e−δ)
P˜ = P˜0
(1 + θ)e−δ − θ
1 + θ − θe−δ
(








u˜ = u˜0 + C˜0f0(e
δ)
P˜ = P˜0
(1 + θ)eδ − θ
1 + θ − θeδ
(

















u˜ = u˜0 − C˜0f3(ξ)
P˜ = P˜0f4(ξ)
(









u˜ = u˜0 + C˜0f˜3(ξ)
P˜ = P˜0f˜4(ξ)
(










u˜ = u˜0 + C˜0f3(ξ)
P˜ = P˜0f4(ξ)
(






3.7 4.10 Rj(U0), Sj(U0)
(j = 1, 2)






dξ (ρ = ρ0e
−δ, δ ≥ 0)






dξ (ρ = ρ0e
δ, δ ≥ 0)
S1(U0) : u = u0 − (ρ− ρ0)f1(ρ; ρ0) (ρ = ρ0e−δ, δ ≤ 0)

















dξ (ρ ≤ ρ0)









dξ (ρ ≥ ρ0)
(ρ− ρ0)f1(ρ; ρ0) (ρ ≤ ρ0)
Rj, Sj Tj
T1(U0) : u = u0 − f5(ρ; ρ0) (ρ = ρ0e−δ)
T2(U0) : u = u0 + fˆ5(ρ; ρ0) (ρ = ρ0e
δ)
fˆ5(ρ1; ρ0) = −ft(ρ0; ρ1)
T2(U0) 3 U1 U0 Tˆ2(U1) 3 U0
Tˆ2(U0) : u = u0 + f5(ρ; ρ0) (ρ = ρ0e
−δ)
T1(Ul) 3 Um, T2(Um) 3 Ur Um = T(ρm, um)
T1(Ul) Tˆ2(Ur) Um
Ul Um 1- Um Ur 2-




P ′/ρ > 0 ρ > ρ0
(f5)
2 = (ρ− ρ0)2(f1(ρ; ρ0))2 = {P (ρ)− P (ρ0)}(ρ− ρ0)
ρ0ρ







P −P0, 1/ρ0−1/ρ ρ > ρ0 f5 (> 0)
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f5 ρ > 0
lim
ρ→∞
f5(ρ; ρ0) = f5(∞; ρ0) =
√














ul − f5(ρ; ρl) = ur + f5(ρ; ρr)






















α < ul − ur < β (5.6)












































(ρ, ρu) (ρ, u) 2
3.4 (N − 1) N = 2
1- 1 2- 1
w1 = w1(U), w2 = w2(U
∇Uw1(U)r1(U) = 0, ∇Uw2(U)r2(U) = 0
4.1
∇Uw1 ∈ 〈r1〉⊥ = 〈l2〉, ∇Uw2 ∈ 〈r2〉⊥ = 〈l1〉
∇Uwj ljˆ (jˆ j = 1 jˆ = 2, j = 2 jˆ = 1 )
∇Uw1 ∇Uw2
U (w1, w2) 1 1 U (w1, w2)











u = (w1 + w2)/2, C = (w1 − w2)/2 C ρ
(ρ, u) (w1, w2)
∇Uwj(U) // ljˆ(U) U
Ut + F (U)x = Ut +∇UF (U)Ux = 0
∇Uwj(U)
∇Uwj(U)Ut + λjˆ(U)∇Uwj(U)Ux = 0
















(w1, w2) wj rj(U)
Rj(U) Cj(U) ( )
wj (wjˆ )
wjˆ (−1)
∇Uwjˆ · rj > 0 (5.8)
Rj(U)
U ′(δ) = rj(U(δ))
δ ≥ 0 Rj
dwjˆ
dδ




R1(U0) = {(w1, w2); w1 = w1(U0), w2 ≥ w2(U0)},
R2(U0) = {(w1, w2); w2 = w2(U0), w1 ≥ w1(U0)}
(5.9)
(1,2- )







P ′ > 0,






























dξ (= C + )




f6(ρ; a) = −∞, lim
ρ→∞
f6(ρ; a) = ∞
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(w1, w2) Ω P = Aρ
γ (1 < γ < 3)
lim
ρ→+0
f6(ρ; a) > −∞, lim
ρ→∞
f6(ρ; a) = ∞
C = f6(ρ; +0) C = 0
ρ = 0 w1 = w2 C > 0 w1 > w2 Ω w1 > w2
( 5.9) R1(U0) ( Rˆ2(U0))
lim
ρ→+0
f6(ρ; a) > −∞, lim
ρ→∞
f6(ρ; a) <∞
C = f6(ρ; +0)

















S1(U0) : u = u0 − (ρ− ρ0)f1(ρ; ρ0) (ρ ≥ ρ0)
S2(U0) : u = u0 + (ρ− ρ0)f1(ρ; ρ0) (ρ ≤ ρ0)
Sˆ2(U0) : u = u0 + (ρ− ρ0)f1(ρ; ρ0) (ρ ≥ ρ0)
Sˆ2(U0) S1(U0) u = u0 ((w1, w2) w1 + w2 = 2u0)
S1(U0) (w1, w2) ρ
{
w1 = u0 − (ρ− ρ0)f1(ρ; ρ0) + C,









ρ− ρ0 (P0 = P (ρ0))
dw1
dρ







































































0 ≤ dw1/dw2 ≤ 1 ρ → ρ0 + 0 f7 → P ′0 =
P ′(ρ0) dw1/dw2 → 0
S2(U0)
{
w1 = u0 + (ρ− ρ0)f1(ρ; ρ0) + C,








































































(w1, w2) Rj, Sj 5.10






















5.11: R1, S1 Rˆ2, Sˆ2
Rˆ2(Ur) Sˆ2(Ur) Tˆ2(Ur) Um
Ul, Ur
5.12 Ul Rj(Ul), Sj(Ul)
4 Ur
Ur 5.12 I 1- (R1(Ul)) 2- (R2(Um))
Ul Ur Ul Um 1- Um Ur
2- ( 5.13) Um R1(Ul)
Rˆ2(Ur)
Ur 5.12 II S1(Ul) Rˆ2(Ur) (Um ) S1(Ul)





























5.13: Ur I ( (w1, w2) (t, x) )
Ur 5.12 III S1(Ul) Sˆ2(Ur) 1- 2-
( 5.15)
Ur 5.12 IV R1(Ul) Sˆ2(Ur) 1- 2-
( 5.16)
P = Aργ (1 < γ < 3) Ω ( 5.9 )
5.17 R1(Ul) Ω V Ur













(P = Aργ (5.7) ) R1(Ul) Rˆ2(Ur)


































3.8 4.11 Rj(U˜0), Sj(U˜0)
(j = 1, 2)




−P˜ ′(ξ)dξ (v˜ = v˜0 + δ δ ≥ 0)




−P˜ ′(ξ)dξ (v˜ = v˜0 − δ δ ≥ 0)
S1(U˜0) : u˜ = u˜0 + (v˜ − v˜0)f2(v˜; v˜0) (v˜ = v˜0 + δ δ ≤ 0)
S2(U˜0) : u˜ = u˜0 − (v˜ − v˜0)f2(v˜; v˜0) (v˜ = v˜0 − δ δ ≤ 0)
f2(ρ; ρ0) =
√
































5.17: Ω (w1, w2)
Rˆ2(U˜0), Sˆ2(U˜0)




−P˜ ′(ξ)dξ (v˜ ≥ v˜0)
Sˆ2(U˜0) : u˜ = u˜0 − (v˜ − v˜0)f2(v˜; v˜0) (v˜ ≤ v˜0)






N ×N A, X = [X1 · · · XN ]
N∑
j=1
|X1 · · · AXj · · · XN | = tr(A)|X| (A.1)


























































|X1 · · · AkXj · · · XN | =
N∑
j=1





|X1 · · · ek · · · XN | = (−1)k+j∆kj(X)
N∑
j=1































U = V (t1, t2, . . . , tN) ( )
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Ω r(U) ((N − 1) )
S : U = η(t1, t2, . . . , tN−1)
(t1, t2, . . . , tN−1 )
dU
dtN
= r(U), U |tN=0 = η(t1, t2, . . . , tN−1)
U = V (t1, t2, . . . , tN)







|tN | 0 tN
( ) 0
( ) Y = Y (t1, . . . , tN)
Y (t1, . . . , tN) = |Vt1 Vt2 . . . VtN |




|Vt1 . . . (Vtj)tN . . . VtN |





|Vt1 . . .∇Ur(V )Vtj . . . VtN | = tr(∇Ur(V ))Y = (∇U · r(V ))Y
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(∇ · r r ) Y
Y (t1, . . . , tN) = Y (t1, . . . , tN−1, 0) exp
(∫ tN
0
(∇U · r(V ))(t1, . . . , tN−1, τ)dτ
)
Y (t1, . . . , tN−1, 0) 6= 0 V Y (t1, . . . , tN)
0
3.1 1. ( A.2 )
A.2 U = V (t1, . . . , tN) Y 0 (t1, . . . , tN)
U 1 1 tj U tj = tj(U)
tj(U) tj(V (t1, . . . , tN)) ≡ tj
∂ tj
∂ tk



















= ∇U tj(V ) ∂ V
∂ tN
= ∇U tj(V )r(V )
t1(U),. . . ,tN−1(U) wj(U)
3.1 2. ( A.2 )
A. 3.1 121






= ∇U tN(V ) ∂ V
∂ tN
= ∇UwN(V )r(V )
∇UwN(U) 6∈ 〈∇Uw1(U), . . . ,∇UwN−1(U)〉
∇Uw1(U),. . . ,∇UwN(U) U (w1, . . . , wN) 1
1 U = W (w1, . . . , wN)
3.1 2. w˜ U = W (w1, . . . , wN)
w1,. . . ,wN





































∂w˜/∂wN = 0 w˜ wN w1,. . . ,wN−1
A.2







Ut + F (U)x = 0 (B.1)
Q ⊂ RM C1(Q)
C1(Q) = Q Q




f ∈ C1(Q) (support)
{x ∈ Q; f(x) 6= 0} (= Q \ f−1({0}))
Q ( ) supp f








M = 1, Q = (0, 1) = {x; 0 < x < 1} [a, b] = {x; a ≤ x ≤ b}

















, . . .
}
Q
Q = [0, 1) = {x; 0 ≤
x < 1} [0, 1/2] Q
( )
RM Q
f ∈ C10 ((0, 1))
supp f ⊂ [a, b] (0 < a < b < 1)
a, b f 0 < x ≤ a, b ≤ x < 1 0 g ∈ C10 ([0, 1))
supp g ⊂ [0, b] (0 < b < 1)

































Q f(x) = 0
φ(x) C10 (Q) B.1
B. 125
( ) C10 (Q)
C10 (Q)
C10 (Q) (test function)
B.1
Q (t, x) R2 U = U(t, x) ∈ L1loc(Q) Q
(B.1) (weak solution) φ(t, x) ∈ C10 (Q)
∫∫
Q
{U(t, x)φt(t, x) + F (U(t, x))φx(t, x)}dxdt = 0 (B.2)
(B.1) φ(t, x) Q
(B.2) U F (U)
U
U(t, x) Q (B.2) Q
Uφt + F (U)φx = (Uφ)t + {F (U)φ}x − φ{Ut + F (U)x} = (Uφ)t + {F (U)φ}x
φ ∈ C10 (Q) φ Q ∂Q 0 Green (4.6)
∫∫
Q




{(Uφ)t + (Fφ)x}dxdt = 	
∫
∂Q
(−Uφdx+ Fφdt) = 0
(B.2) (B.2)
























φ ∈ C10 (Q)
∫∫
Q






4.2 U x = d(t)




















































φ(t, d(t)){[U ]d′(t)− [F ]}dt
φ








Ut + F (U)x = 0 (0 < t < T, x ∈ R)
U(0, x) = U0(x) (x ∈ R)
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(U0(x) ∈ L1loc(R) )
φ(t, x) ∈ C10 ([0, T )×R)
∫∫
Q
{Uφt + F (U)φx}dxdt+
∫
R
φ(0, x)U0(x)dx = 0 (B.3)
φ C10 ([0, T )×R) t = 0 φ(0, x)
( ) 0
(B.2) U(+0, x) = limt→+0 U(t, x)
U(t, x) (B.1) x









pV = nRT (C.1)
p V n
R ( ) T




P, V = (b− a)A (A )





















































TdSm = dQ = dem + pdV
S Sm = αS n
Td(nSm) = d(nem) + pdV



































































































S = S(ρ, P ) (C.3)
(3.12)
(3.12) (3.14)




















= −Sρuρx − SPuPx
= −uSx
St + uSx = 0
S
ρS
(ρS)t = ρtS + ρSt = −(ρu)xS − ρuSx = −(ρuS)x
C. 132
(ρS)t + (ρuS)x = 0
Ut + F (U)x = 0 (C.4)
η(U)t + q(U)x = 0 (C.5)
η(U), q(U) ( )
(generalized entropy pair) η(U) (entropy) q(U)
(entropy flux)
(C.5)
∇Uη(U)Ut +∇Uq(U)Ux = 0
(C.4)
{−∇Uη(U)∇UF (U) +∇Uq(U)}Ux = 0
(η(U), q(U))
∇Uq(U) = ∇Uη(U)∇UF (U) (C.6)
(C.5) (η, q)
-
Φ = s[η]− [q] = s(δ){η(U(δ))− η(U0)} − {q(U(δ))− q(U0)}
C. 133
U(δ) (4.7 ) (4.6 )




= s′[η] + sη′ − q′ = s′[η] + s∇Uη(U)U ′ −∇Uq(U)U ′
= s′[η] +∇Uη(U){s−∇UF (U)}U ′
-
s[U ]− [F ] = s(δ){U(δ)− U0} − {F (U(δ))− F (U0)} = 0
s′[U ] + sU ′ − F ′ = s′[U ] + {s−∇UF (U)}U ′ = 0
dΦ
dδ
= s′[η]− s′∇Uη(U)[U ] = −s′{η(U0)− η(U)−∇Uη(U)(U0 − U)} (C.7)
ψ(θ) = η(U + θ(U0 − U))
ψ′(θ) = ∇Uη(U + θ(U0 − U))(U0 − U) (C.7)




∇2Uη (i, j) ∂2η/∂ui∂uj N ×N
ψ′′(θ) = T(U0 − U)∇2Uη(U + θ(U0 − U))(U0 − U)
∇2Uη ( η ) (C.7)
∇2Uη X 6= 0 2
C. 134






|δ| s′(δ) > 0
η δ 6= 0 Φ′(δ) < 0 Φ(0) = 0
δ < 0 ⇔ Φ > 0
η
δ < 0 ⇔ Φ < 0
η Φ
(C.4 ) ρS U = T(ρ,m,E)
s′(δ) = {λj(U0)}′ = 0
Φ 0 Φ (
































η ( ) Φ ( )








η(U)t + q(U)x ≤ 0
φ ∈ C10 (Q)∫∫
Q




U ηt + qx = 0






























φ Φ = d′(t)[η]− [q] t 0
C.2
C.4
C.3 η = ρS U = T(ρ,m,E)
U 2 ∇2Uη
W = T(ρ, u, P )
η(U) U = G(W ) ηˆ(W ) = η(G(W ))
∇W ηˆ(W ) = ∇Uη(U)∇WG(W )









N ×N A(W ) (N × 1 ) X




















) X W X = X(W )
∇W (A(W )X(W )) = ∇WA(W )⊗X + A(W )∇WX(W )




= ∇W T(∇WG)⊗ T(∇Uη) + T(∇WG)∇W T(∇Uη)





∇2W ηˆ(W ) = ∇W T(∇WG)⊗ T(∇Uη) + T(∇WG)∇2Uη(U)∇WG
C. 138
B = ∇W T(∇WG)⊗ T(∇Uη)
∇2W ηˆ −B = T(∇WG)∇2Uη(U)∇WG
TX(∇2W ηˆ −B)X = TY∇2Uη(U)Y (Y = (∇WG)X)
|∇WG| 6= 0 (∇2W ηˆ −B) ( )
∇2Uη ( ) B 6≡ 0
∇2W ηˆ ∇2Uη
















 1 0 0u ρ 0
u2/2 ρu 1/(γ − 1)





















































∇Uη = (ηρ, ηm, ηE)
B =





∇W ηˆ = ∇Uη∇WG
ηˆu = ρηm + ρuηE, ηˆP =
1
γ − 1ηE
ηm + uηE =
1
ρ








ηˆ = ρS ∇2W ηˆ −B (C.3)






∇W ηˆ = (ηˆρ, ηˆu, ηˆP ) =
(





 −kγ/ρ 0 k/P0 0 0
k/P 0 −kρ/P 2

 , B =






∇2W ηˆ −B =

 −kγ/ρ 0 k/P0 k(γ − 1)ρ2/P 0
k/P 0 −kρ/P 2


X = T(x, y, z)



















− k(γ − 1)
ρ




γ > 1 0 0
z − P
ρ
x = x = y = 0
X = 0 X 6= 0
TX(∇2W ηˆ −B)X < 0
∇2W ηˆ−B ∇2Uη
ρS
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